IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Young operators in standard orthogonal form

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1977 J. Phys. A: Math. Gen. 10 659
(http://iopscience.iop.org/0305-4470/10/5/020)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 30/05/2010 at 13:57

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/10/5
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen., Vol. 10, No. 5, 1977. Printed in Great Britain. © 1977

Young operators in standard orthogonal form

Nahid Gamel El-Sharkawayt and H A Jahni

t Department of Mathematics, El-Azhar University, Cairo, Egypt
1 Mathematics Department, The University, Southampton, UK

Received 13 September 1976, in final form 20 December 1976

Abstract. Standard (bra-ket) Young operators for [n —1, 1] of S, are expressed as tableau-
permutation-separated bra and ket operators (ordered symmetrizer-antisymmetrizer pro-
ducts with prescribed coefficient, bra and ket oppositely ordered for the same tableau,
mutually convertible by the tilde (~) transformation reversing permutation group multipli-
cation order). Non-diagonal operators are re-expressed as tableau-permutation-separated
diagonal operators. [2 1*~*] operators are obtained by star (%) transformation, multiplying
each permutation by its parity, interchanging associated symmetrizers and antisymmetriz-
ers. Non-standard (ket-bra) operators are defined in a consistent manner and identified as
linear combinations of standard operators.

1. Introduction

The Young operator expressions given in this paper on the one hand form part of a
general programme leading to a Young operator derivation of the base-vector expan-
sions given in the thesis of the first author (El-Sharkaway 1975) and on the other hand
aim at a simplification of Young operator expansions previously published by the
second author (Jahn 1960). These latter give the Young operators of S, as linear
combinations of two-sided products of Young operators of S,_; with the particular
transposition P, ,_; and would require a long chain calculation to reach a fully explicit
expression (except in the case where the operators of S, _; reduce to symmetrizers or
antisymmetrizers characteristic of one-dimensional representations). This previous
work was general and valid for any representation of S,. In the present paper explicit
expressions in terms of symmetrizers and antisymmetrizers are given for the two
particular representations [n — 1, 17and [2 1" %] of S,. It is the intention to extend this
at least to the case of the so called ‘single-hook’ representations [n —k,.1%] and the
‘double row’ representations [n —m, m] and thereby arrive at an independent deriva-
tion of the expansions given by the first author (El-Sharkaway 19735).

The standard text book on Young operators is still Rutherford’s (Rutherford 1948)
and an important relevant paper is that of McIntosh (McIntosh 1960).

Young operators have application not only to many-body problems but also to
tensor symmetrization problems connected with the continuous group representations.

2. Young operators for the representation [n—1, 1] and its dual [2 1*~?]
The (n —1)* Young operators o2y (a, b =2, 3, . .., n) for the representationn — 1, 1] of
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660 N G El-Sharkaway and H A Jahn

S, in standard orthogonal form are required to satisfy

0:b0:d = 8bc02d’ (2 1)
P, ai100= (1/a)og,+{(a’— 1)1/2/0}03+1,b, (2.2)
0apPrpi1= (1/b)ogs+{(b*- 1)1/2/b}0:‘b+1‘ (2.3)

Here the numerical label a is an abbreviation for the standard Young tableau label

an=l...a...n=12...a—1a+1---”‘1", (2.4)
a a

where, following the first author’s notation (El-Sharkaway 1975), d is used to denote
the omission of a from 2 . . . n. The coefficient (1/a) occurs in (2.2) because the Young
axial distance from a + 1 to a in the Young tableau (2.4) is +a.

The (n—1)> Young operators oj«« (a,b=2,3,...,n) for the representation
[21"7%] dual to [n — 1, 1] are required to satisfy

0g*p*0c*g* = 80 gy (2.1)*
Poai105epe=—(1/a)05p=+{(@>~1)?/a}o s 1yn (2.2)*
0xp*Pype1=—(1/b)05up=+{(b* = 1)/2/b}0 51y (2.3)*

Here the starred numerical label a* is an abbreviation for the standard Young tableau
label

a¥=lax*...d4...n=1la*2...a-1la+1...n—1n

=1 a,
a—1 (2.4)*
a+1
n

where, using again the first author’s notation (El-Sharkaway 1975) a star is employed to
avoid the printing of a column. The coefficient —(1/a) occurs in (2.2)* because the
Young axial distance from a + 1 to a in the Young tableau (2.4)* is —a.

3. Symmetrizers and antisymmetrizers: the star transformation
The symmetrizer

Slnz(l/n') Z P

alln!P inS,
= {(I+Pln +P2n +.. ~+Pn—1,n)/n}sl,..ri
=Sl...ﬁ{(I+P1n+P2n+--‘+Pn—1,n)/n} (31)
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is the Young operator for the totally symmetric representation [n] of S, and, being
totally symmetric, satisfies

Sl...n = PSI..J’K = Sl.unP (P in Sn)
"_'Sl.“asl..‘n =Sl...nsl4..a (a sn)' (32)
The antisymmetrizer

A, .=(1/nY) Y eP  (ep==1,parityof P)

alln!PinS,
={(I—Pln _P2n .. n—l,n)/n}Al..,ri
=A1.4.r'1{(1—P1n—P2n—-"_Pn—l,n)/n} (31)*

is the Young operator for the totally antisymmetric representation [1"] dual to [n] and,
being totally antisymmetric, satisfies

Ai.n=€pPA, »=A, .€pP (ep==x1, parityof P, Pin S,)
=A1.4.aA1.‘.n =A14..nAl...a (a sn)- (32)*

(3.1)*, (3.2)* are obtained from (3.1), (3.2) by what we call the star (*) transformation
which multiplies each permutation P by its parity ep and hence interchanges S and A
throughout.

If, with a slight generalization of notation, we write

S1a=(U+P,)/2, A=0-P)/2, (3.3), (3.3)*
so that we have

Al a=ALALTALAL & (3.4)

S1.2=51a81. 2.0 = S1.a.05 10 (3.5)
then the pair of relations

A1.aS1.2=51.0A1.a=0=81 A1 = A1 AS1 4 (3.6), (3.6)*
are a direct consequence of the basic pair
A1.S1a=U =P )I+P ., )/4=0=T+P)I~P,,)/4=81,A1,. (3.7), (3.7)*

4. Reduction of multiple symmetrizer-antisymmetrizer products: star, tilde and
star-tilde transformations

We show that the following set of four relations holds:

A 165166 7 2K 5 (A 16814 6)(A 1681 4. ), (4.1)
5164146 = 2K/ (S1aA1..6.5)(S1aA 1. 4..5) (4.1)*
S1.a6B1a=2K55(S1.a.6A12)(S1 .. sA1a), (@1
At a.b51a = 2K pp (A1 4. 5S1a A1 4. 651a)- (ﬂ)*

Here, in accordance with the notation

K/on ={(a=1)(n—-1)/(an)}'"* 4.2)
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for a numerical coeflicient constantly occurring later, we have
K/bb =(b—1)/b. (4-3)

We have already used a star (*) to designate the transformation which interchanges A
and S throughout, equivalent to multiplying each permutation P by its parity ep. We
now use a tilde (~) to designate the transformation which reverses the order of the S
and A factors throughout on both sides of the equation, equivalent to a reversal in sense
of permutation group multiplication. Since any algebraic identity involving sums and
products of permutations will remain an identity when each permutation is multiplied
by its parity and likewise remain an identity when the sense of group multiplication is
reversed, we see that equations (4.1)*, (4.1) and (4.1)* obtained from (4.1) by means
respectively of star, tilde and combined star-tilde transformations will have been
proved when (4.1) is established.
(4.1) may be rewritten as

[A lasl..‘a‘..b —bI/{z(b 1)}](Alasl...a..‘b) 0. (44)
Writing, from (3.1),
St.a.6={T+Pp+.. . +Pa+...+Py)/(b—1D}Ss 4. (4.5)

SZ..‘d‘..bSl..‘a...b '_Sl.”a...b9 (46)

writing, from (3.3)*, A,, =(I—P,,)/2 and removing the common factor 1/{2(b — 1)}
there remains

[(I=Pi ) )T+Pyy+...+Pys+...Py)—bllA .S 4., =0. 4.7)
Now

P1oPy; = Pyq; = Pjay = PyiPy, (j=2,...,4,...,b) 4.8)
and

—P, A, =+Aq. 4.9)

There remains

[I+Pya+... 4P+, . . +Py+I1+Pp+. . +Py+...+ Py —bIA.S1 4 =0,

(4.10)

or, changing the overall sign,
f:Z;a...bU_P” Po)A 148145 =0. (4.11)

Now (3.1)* is consistent with
A1 =U—Py;—P,)A, (j=2,...,4,...,b) 4.12)

and hence (4.1) follows from

Alajsl.”a...b Ala]AIJSI[SI a b—O (j=2"'-’d9---’b) (4-13)

by (3.7).
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5. Bra and ket tableau operators: tilde transforms of each other
Bra and ket tableau operators are so defined that they are mutual tilde transforms of

each other. Thus, for [n ~1, 1], with K,,, asin (4.2) and witha =2, 3, ..., n, the bra
and ket tableau operators are defined to be respectively

1...4a...n
<anl=<
a

|a,,>= }‘]; el n> =(dnl =2K/ansl a nAlaSI...d- (g\i)

= |a~n> = 2K/ansll..dA lasl a..ns (51)

The corresponding operators for [2 1”~%] are obtained from the above by star transfor-
mation:

|a:<>='1a * ., d . n>=<d:|=2K/anA1 a ,,SlaAln_d. (g)*

<a:| =<1a *,...d... n‘ = ,d,’f)= 2K/a,,A1.__dSI,,A1 d..n» (5.1)*

For the particular case a = n the expressions become symmetric with respect to tilde
transformation so that, with

K/nn =(n_1)/n (52)
<nn,=<’11...ﬁ 1...4

n . . —~
> = 'nn> = <nnl = ,nn> = 2K/nnSl‘..riAlnsl..,ri' (53), (53)

(nl=Anx*.. . nl=ln* . . a)=|nky=G¥=A%=2K, AL :S1,A1 s .
(5.3)*%,(5.3)*

n

We may put n = a in these expressions and obtain, with
K/ =(a—1)/a, (5.4)

the following special tableau operators for [a —1, 1] and [2 1°72]:

Gl =(L = L ) ) = @l =180 = 2K Sy sAS1 e (5.5).5)

(aff| =<1a *, ., a' = |1a *, .. a)= la:>=<a~:’ = |d§)= 2K/aaA1...dslaA1...d- —
(5.5)%, (5.5)*

These special cases are considered again in the next section.

6. Diagonal bra—ket and ket-bra operators

Diagonal bra-ket and ket-bra operators are defined as simple products of the corres-
ponding bra and ket operators. Included in our main theorem is the statement that
standard diagonal Young operators are equal to corresponding diagonal bra-ket
operators, whilst the non-standard diagonal ket-bra operators, whose expression
simplifies, are in general linear combinations of both diagonal and non-diagonal
standard Young operators.
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Thus with K., K4, as defined in (5.2), (5.4) we find from the equation set (5.1) for
[n—1, 1] and [2 1"7?] respectively

02a=<an‘an>=<‘11 .a. ni...d...n>
= 4K /0aK/nnS1..6A 1251 4. nA 165145 (6.1)
ongr=(arla¥)=la*...4a...njlla*...d...n)
=4K 3aK/nnA1. i81aA1. a.nS1aA 1 4 6.1)*

Although the non-standard diagonal ket-bra operators are obtained from (6.1), (6.1)*
by a tilde transformation, it is to be noted that they are not obtained by direct tilde
transformation of the final expressions (which are in fact invariant with respect to
overall symmetrizer—antisymmetrizer order reversal): the transformation is carried out
indirectly by action on the bra and ket parts separately. To emphasize that this
operation in a sense cuts the o operator in half and reverses the two halves we use an x
for the resulting non-standard diagonal ket-bra operator, writing, for [n —1, 1],

l...d...n\/1...a...n
¥ia=la,al= || )

- |~

={d,|d,)

=2K/nnsl a nAlaSI a..n (61)’

and by star transformation, for [2 1" 2],
Xpegr=lafXak|=|la*...a...nXla*...4...n|=(d}a})

=21{/rm/§1 a nSIaAl G..n: (61)’*

A consistent extension of these definitions to the non-diagonal case is given later.

We have already seen, in (5.3), (5.3), that the special limiting bra and ketof [n — 1, 1]
having a = n are identical; it follows that they commute and hence the bra-ket and
ket-bra diagonal operators are equal also. We find in fact that the expression for the
product reduces in such a way to make bra, ket, bra-ket and ket-bra all equal in this
limiting case. Thus, for [n—1, 1],

o:,.‘—‘< " n>=(n,,|n,.)=]n,.)(n,,[='1 n><l " =x",

n n n n
=4(K/nn)251..,itAlnsl...ﬁAlnSI...rﬁ
=2K/rmsl...riAlnSI...ri
2 _ =1...ri> —~
—<n = (na| = ) )n (6.2),(6.2)

and, by star transformation, for [2 1" 2],
Onene=(1n % i|ln % .. R) = (n¥InE) = n2Nn]
=|ln*.. . AaXln * ... hl=Xxne,s
=2K/nnA 1 aS1nA1 s
=(In*...Al=(n¥=|n¥=|1n*... A). (6.2)*, (6.2)*
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We establish now the following relations for [n —1, 1]

(an] =(an|anXan| = 054(an] = (@n|x 3, (6.3)

|a,) = |a,Xanla,) = |a,)05: = X2al@n ), (6.3)
from which follow

050 ={an|an) =(an|asXanla,) = 03,02, = (an|x 2ol a.) (6.4)

X0 =, X @] = @0 X0 |@n Xan| = X50X 50 = |20 )0 5u(a, ] (6.4)

showing that 0, and x, are idempotent. Similar relations are obtained for [2 1" %] by
star transformation. Using the simpler expression (6.1)’ for xz, we have

<an’xZa=4K/anK/nnSl...dAlaSI a nAlaSI 4a..n =2K/ansl.‘.dA1asl a n=<anl’ (63)I

which in effect proves the whole of (6.3) and the rest follow. In short:

02a(Xga)
n

xaa(o :a)

bra(a,,|

ketla,,)} is a right (left) -hand eigenstate of {

(6.3)"

with eigenvalue +1 in all cases.
Putting n =a in (6.1), (6.1)" and using (5.5) we find

OZa = <aa,aa> = Iaa ><aa| = xZa = <aa’ = 'aa> = 2K/aasl.,.dAlaSI...d' (65)

Then from (5.1), (51) we find

= 2K/ansl,.4dA1aSL.4d...n ={(a, l, (6.6)
lan><aa’ = 'an>02a = 4K/aaK/anSI...d...nAlaSI...dA lasl,..a'
=2KanS1.4.nA 1514 = |an>, (6’\6)

noting that the tilde transformation, apart from replacing bra by ket involves also a
reversal in the operator product order. These relations may be summarized as

bra(a,| is right-hand
eigenstate of o4,. 6.7)
ket|a,) is left-hand

Tilde transformation without change of operator product order leads to another result:

(@a|@n) = 4K 20K 1anS1..4A 1a51...0..nA1aS1...0 = (@n|aa) = Kpyalaulan) (6.8)
or,

(@n|an) = Ko/nlaglan) = Koynlanlaa), (6.9)
with

Koja =K /an/Kjnn =[n(@a=1)/{(n - 1)a}]"?, (6.10)

Ka/n = 1/Kn/a =[a(n—1)/{(a_1)n}]1/2- (611)
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This result may be presented also as
084a,) =(8,102a= K, /a0 za- (6.12)

Similar results are obtainable, of course, for [2 1"~*] by star transformation.

7. Difierence formula for the limiting operators

We show that the limiting operators o,, of [n —1, 1] (see (6.2), (6.2)) may be expressed
simply as the difference of two symmetrizers. We have

S1.3=S1n=S1 - U+P1,+Py+...+Py_1,)/n}S1 s
= (1/"')5171{(" - 1)1—(P1n +P2n +... +Pn—1,n)}slmri

=2/n)8,. 4(Ap+ Az +. . .+ A, 1,)S1 s (7.1)
Now, for 2<a=n -1, we have
S1..a.iAaS1..0.1=S1..a.iP1aA;P1aS1 . a.is = S1.iA 1S 1 (7.2)
Hence=
$1.a=S1.a=2{(n—1)/n}S1. 3A1xS1.s = 2K ;nS1.. iA 1S 1.6 = Onn- (7.3)

By star transformation, it follows immediately, for [2 1"72],

Al...r’t—Al...n =0:"'n'- (73)*

8. Orthogonality of ket-bra symbols for [n—1, 1]

Since, from (5.1), (571),

{bn] = 2K pxS1. 5A 1651, 6.5 ®.1)
we see that |a, }b, | involves the product

Qup = A1a51..451 5A 15 (8.2)
Now if a <b, we have, by (3.2),

S1.451.5 =515 (8.3)
so that

Q= A1a51.6A1 = A1a5151.5A1, = 0. (8.4)
On the other hand, if a > b, we have

814816 =514 (8.5)

so that

Qe.,,=A1aS1..4A1 = A1.51.4S15A 1, = 0. (8.6)
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Thus

Ian ><bn | = aab lan )(an I = 6zzl:rx:a = aab 2K/nnsl...d...nA lasl...d...n- (87)
It follows, by star transformation, for [2 1"7%],

|a;':><b:f=5ab2K/nnA1 4.nS16A 1 4. (8.8)

9. Tableau permutations for [n—1, 1]
We denote the permutation which converts the limiting tableau

nn=r1l2...a—1aa+1...n—2n—1 9.1)

into the general tableau

an=‘112...a—1a+1a+2...n—1n 9.2)

by
(an'P|nn)=P(a,a+l,a+2 ,,,,, n-2.n—1,n) (93)

(nnlp‘an)zp(n,n—l,n—Z a+2,a+1l,a) (94)

.....

The permutation which converts

1...b...n | l1...a...n
b,,=b into a,

may then be written as
(anlplbn) =(aanlnn)(nn|PIbn) =P(a,a+1 ,,,,, n)P(n,n—l ..... b)- (95)

This may be evaluated for the two cases a <b and a > b as follows:
Ifa<b

- — -1
P(a,a+1,..4n)_P(a,u+1 ,,,,, b)P(b,b+l ..... n)'_P(a,a+1 ..... b)P(n,n—l ..... b)s (9~6)
so that
(an|P|bn)(a<b)=P(a,a+l....,b)- (97)
Ifa>b
- _ p-1
P(",n—l ..... b)—P(n,n—l ,,,,, a)P(a,a—l ..... b) _P(a,a+l ,,,,, n)P(a,a—l ,,,,, b)s
so that

(@4|P|Br)a>b) = Paa-1,..6)- (9.8)
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It is easy to verify this directly from the form the tableaux a,, b, have in two cases:

a<b
12...a-1laa+1...b—=1b+1...n
b,=
b
_12...a-la+la+2...bb+1...n
a, 4
(8,|Pbr) = Piags1,a+2,..0-1,0)- (9.9)
a>b
12...b=1b+1...a—-1aa+1...n
b, =
b
_12...b-1b...a-2a-1la+1...n
" a
an|P|b) Peaa-1a-2,.., b+1.b) (9.10)

10. Postulated expression for non-diagonal Young operators

We postulate that the standard non-diagonal Young operators for the representation
[n—1,1] in orthgonal form are given by the following bra operator-tableau
permutation-ket operator product:

0ap = {a,|(a,|P|b,)|b,), (a,b=2,3,...,n). (10.1)
Since (a,|P|a,) = I, the identity, this includes the already postulated diagonal case:
0Ga ={ayla,), (@=2,3,...,n). (10.2)

By means of the following lemma we arrive at a new expression for the non-standard
diagonal ket-bra operators x;, which suggests a generalization to the non-standard
non-diagonal case.

Lemma

P(a,a+l ..... n)(nnln >= Ian><aan(a,a+I ,,,,, n)s (103)
P(n,n—l ..... a)lanxan’y (103)

where, in accordance with tilde transformation reversing permutation group multiplica-
tion order, the transformation which converts (10.3) into (10 3) reverses the order of
the operators, replaces a permutation P by its inverse P~' and, as has already been
explained, replaces each bra operator by its corresponding ket operator, each ket
operator by its corresponding bra operator.

Proof. From (6.2), (672) we have

<nn,nn>=2K/nnsl...ﬁAlnSI...r'x- (62), (’-6\2/)
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Hence, noting particularly that transformation by a permutation, e.g. by

P(nn 1,...a) (10.4)

,,,,,

..... a)<nn|nn>P(n,n-—l,...,a)_ 2K/nnsl...a...nAlasl...a...n ’an><an|7 (105)

by (6.1)', which establishes both (10.3) and (1?)3). We see that (10.5) expresses the
non-standard diagonal ket-bra operator x, associated with [n — 1, 1] as linear combi-
nations of standard [n—1, 1] Young operators obtained by simultaneous left- and
right-handed application of permutations to the limiting operator o,,,.:

Xaa = lanxan' = P(a,a+1 ..... n)or':nP(n,n—l,m,a)' (106)
This suggests immediately the following generalization:

n)O:nP(n,n—l,“.,b)- (107)

.....

Accepting this new postulate, we find, using (10.3), (10.3)
Xab = (Plaa+1..n0mn ) O0nPinn-1...6))
=la.XanPaas1,.mPon-1...)10n bl
= |a, X, |(an|P]ba)[b. Xy ]
=la,)05x(bul, (10.8)
using (10.1). Conversely, assuming oj, has Young operator properties,
0 ab = 0040350 by
=(a,la,Xa.|(a,|P|b,)[b, Xb.|b.)
={an[x%Paa+1. .0Pin-t..0X56lbn)
={an|Paa+1,..m)0mn0nnPoan-1.. p)bn)
= (an|x2s/bn), (10.8

by (10.7). It may be noted that (10.8)' is not the tilde transform of (10.8) as there is no
reversal of the operator order. In fact from (10.7) we see that

be=P(—n%n Ly )OnnP(aa+1 ..... m =Pepat,., n)onnP(nn L.... =Xp= lb )0 bal@n , (ﬂ)\é)
and likewise

025 = (bal(an|Pby) Y an) = (bal(Ba|Play)la,) =05 = (balxidla,). (10.8)
We note that (10.8), (10.8)' in the diagonal case are consistent with
Xia = lan)olulan), (6:4)
04a={an|xdlan), (6.4)

as previously given under the equation numbers shown.
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By use of (6.9) we obtain from (10.8)" an expression for non-diagonal Young
operators oy, as the product of three diagonal operators separated by two permuta-
tions:

oz';b = (an Ian><an '(an ,P,bn)'bn )(bnlbn>
= Ka/n<aa |an><an l(an IP'bn)lbnxbn ‘bb>Kb/n

..........

b
= Kab/nn0aaPaa+1,..m0 P nn-1,..5)0bbs (10.9)

where
Kat/nn = Ka/nKssn = [ab/{(a — 1(b — D}/*{(n - 1)/n}. (10.10)

By star transformation, the corresponding expressions for the non-diagonal Young
operators 07y« of [2 1"7%] are

057+ = Kap/nn0ara*Pag+1,..mO0non*Plan-1.. 505 (10.9)*
=(axl(an|PIb,)Ib7), (10.1)*

since
(ax|P|b}) = (a,|Plby), (10.11)

by definition of tableau permutations and dual tableaux. The star transform of (10.7) is

n)O:"n"P(n,n—l ,,,,, b)» (107)*

n _
Xag*pr = P(a,a+1

.....

Since the permutation P acting on the right or left of the standard Young operators
form normalized linear combinations of Young operators according to the orthogonal
matrix representation [n — 1, 1] or [2 1*7?], it follows that the ket-bra operators x”,
xz++ (diagonal and non-diagonal) are normalized linear combinations of standard
bra-ket Young operators. Thus, for example, for n = 3, the four ket-bra operators for
the representation [2 1] are given by

X33=03s, (10.12)
x33= Py303=—(1/2)03,++3/203, (10.13)
x32=023P23=—(1/2)033“"/—5/20;2, (10-14)

xgz =P23033P23 = (Pzaoga)(ogspzs) = x33x§2
=(1/4)(033—V303,— V3035 +303,). (10.15)

Itis to be noted that the linear combinations, although normalized, are not orthogonal.
We note finally that the expression (10.1) for og, simplifies in the two special limiting
cases a = n, b =n. Thus, using
1) = (alnp) = (m,| (6.2), (6:2)
and

(@u|PIn.) =Pger,. s (10.16)



Young operators in standard orthogonal form 671

we have

05, =(a,|(a,|P|n,)n,)

=(8n|Paa+1...n)s (10.17)
where use has been made of (10.3) and (6.3). So also, using

(nn|P|an) =P(n.n—1 ..... a)> (1018)
we have

Ona={n,|(n,|Pla,)|a.)

=Prn-1,..a)0n) (10.19)

,,,,,

11. Proof that the Young operators multiply correctly

Since we have shown, in (8.7), that

1B Xcn| = Bbc |ba Xba] (11.1)
it will be sufficient, with

035 =(an|(@,|P|b,)|b), (11.2)
to establish the multiplication rule

020 d = 8pc0 24, (11.3)
if we show that

0250 hc = 0 gc. (11.4)

LHS =(ay (@, |P|by)|b, Xby|(ba|Plca)lcn), (11.5)

RHS =(a,|(a.|P|c,)[c,). (11.6)

where LHs and rRHs stand for left- and right-hand sides, respectively. We have shown, in
(6.1), that

6 Xbnl = 2K /unS1..5.nA 1651, 5. .0 (11.7)
Hence with

(a,]=2K/anS1..4A 12 S1.4..m» (11.8)

€n) = 2K/cnS1. . nA 1651, .0 (11.9)
we have

= 4K /4K /nnS1..4(@n|P|bp)A 1551, 5. nA 15 (Bs|Plc,)S1. e (11.10)
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=LHS, (11.11)
establishing (11.4) for [n — 1, 1]. By star transformation, we have also, for [2 177,

*
Ogrp*0 g = Bpc0gean. (11.3)

12. Verification of the orthogonal matrix elements for a transposition

In view of (11.4) it will be sufficient in establishing the standard orthogonal form (2.2),
(2.3) of the representation [n — 1, 1] to show that

Poas104,=(1/a)os+{(@*~1)"*/a}ots1 (12.1)

0naPaas1=(1/a)or+{(a>~1)""?/a}o} 1. (12.2)
We have, from (10.17),

Oan= <an|P(a,a+1,a+2 ..... n)=<an,Pa,a+1P(a+1,a+2 ..... n)» (12.3)

0n+1n={@+1)a|Par1ras2..n) (12.4)
Hence, cancelling the common term P, ., .2, ) On the right, (12.1) requires

Puas1{@nlPogs1=(1/a)au|Paas1+{(@®~1)"?/aK(a + 1),]. (12.5)
With, from (5.1),

<an| =2K/anS1..4A1a51..4..n (12.6)
we deduce, by some cancellation,

{(az_ 1)1/2/0}«4 + l)n, = 2K/an51...(a+1)A1(a+1)51...(a+1y..n (12.7)
and also, noting that §; ; =S; (.- is independent of @ and a +1

Pa,a+1<an|Pa,a+1 =2K/anS1..4A1@+1S1. a4 1) (12.8)

Hence, removing the common factor 2K ,,, (12.5) requires

Sl.‘.dA 1(a+1)Sl...(a-5-1),,.n

=(1/a)S1 . 4A151. .4.nPaa+1+81. (@inA1a@+1S1. (@i 1).me (12.9)
Now from the first part of (7.3), with n = a, we have
S1.6= 81 @in= 2{(a-1)/a}S; sA 151 4 (12.10)

Hence it remains to show (multiplying through by a)

2(a - 1)S1.‘.dAlasl...dA1(a+1)Sl...(a$1)...n = Sl...dAlasl a nPa,a+l- (1211)

Cancelling the common factor S, _, on the left, putting

2A1,=1—-Py,, (@=1S81 a=U+Pp+Pi3+.. . +Pi,1)S2 4 (12.12)
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and writing
A1Si a.nPaa+1 =Poar1A1a+181. @410 (12.13)

it remains to show
(I=Pi )T +Py+Pis+. ..+ P14-1)S: aAra+0S 1@ Dn

=Pa,a+1A1,a+151.“(a4-1)‘..n- (12.14)
Now, by (3.1),
S2.4A 1(a+1)Sl..‘(a+'-1)...n =A1(a+1)52..,a51...(a +..n =A1(a+l)sl...(a+'—l)..‘m (12-15)
so that we require
(I=P1 )T +Pp+Pi3+...+P1a1)A1+)S1 @41

=Paa+1A1a+1S1. @+1).ne (12.16)
Now, forr=2,3,...,a~1, we have
(I=Pa)PiAs@+nSi gain.n

=(I~P1a)P1,A1a+1P1S1.aton =T —P1a)ArasnSt @in.n  (12.17)

Then since (forr=2,3,...,a—-1)

P1oAra)St. @i1yn = Ara+P1aS1. @i 1.0 = Ar@+1S1 @ +1). o (12.18)
it follows

(I=P)Pyp+Pis+.. . +Py g 1)A1a+1)S1.@i1)..n =0. (12.19)
It remains to show, from (12.16), that

(I=Pis=Pagr1)A1@+1S1 @+1.n =0, (12.20)
or

Ajga+1S1 @+ =0, (12.21)
ie.

Alaa+1A1a851a51 @in.n =0, (12.22)

which is true and hence (12.1) is established. (12.2) is established in a similar manner.
The starred relations

Pygs1000e=~(1/a)00ens+{(@* = 1)"2/a}o s 1y (12.1)*
oz*a*Pa,a-f-l = _(l/a)oz*a*+{(a2_ 1)1/2/a}0z*(a+1)*’ (122)*

are established in a similar manner (with § and A interchanged throughout) with the
minus sign in front of (1/a) being required because the final relation is

I+P1a)S1a+A1 @in = Paa+1S1@+DAlL a4 1).n0 (12.23)
reducing to
S1e@rS1aA 1241 @i1..n =0, (12.24)

which is true as before. Multiplication by oy« on the right (for (12.1)*) or by 05+,
on the left (for (12.2)* with a replaced by b) leads to the standard relations (2.2)*, (2.3)*
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la 16
Table 2. Youngoperators [ d¢ | 0 |6 }for[21"72].
n n
1b
.la b S1pA 1. b2\/{(b_1)(n_l} b<n
-1 : X
a<n 2\/{(0 N 1)}A14..a51aA1.“a,.,n a|P
an ] n
: in
" b=n
n
1b
P 2(b-1
An-1 N A""‘\/{(b )} ben
a=n \/{ (n= )}Al iSie 1o | PSS
n . n
n 1n
Ay b=
n
n
Examples
_1 _1 _
ogwr=(la*...da...nlollb*...b...n)= 4(n )\/{(a)—(bl)}Alwdsla
n ab
l...a...n| J1...b...n
XAy a4 n<a Pb )SleL..b'
~(n—1 /
02.,,*=(1a*...d...n!o|1n*...h)=2\/{w}Al ,,su,Am___n(1 a...npll ")
an n
oﬁnb-=(ln*...ﬁlollb*...5...n)=2\/{w}A1“ﬁS,"<l'“nP1' b '")Al,,
bn n b
1...b...n

\/{(b—l)(n

20n—-1)
n

0:*,,‘ = (ln *,

.hfollnx.. . A)= A aStnArn

} ...riP

b )Al...b’,,.nSwAl..j
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for [2 1"7%]. We note here that since the star transformation was defined to multiply
each permutation by its parity and hence the transposition P, ,..; by —1, we could have
expected here a minus sign also before the second terms on the right, but Young’s
standard convention, to which we adhere, makes these terms positive in all cases. (This
is an arbitrary choice of phase which does not affect the orthogonality of the representa-
tion.)

13. Results in tabular form

The results are presented in tables 1 and 2.
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